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We argue that generic non-relativistic quantum field theories have a holographic description in 
terms of Hofava gravity. We construct explicit examples of this duality embedded in string theory 
by starting with relativistic dual pairs and taking a non-relativistic scaling limit. 
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Introduction: Holography [lJ-IH asserts an equiva- 
lence between quantum gravity on asymptotically anti- 
de Sitter (AdS) spacetimes and relativistic quantum field 
theories (QFTs). Holography has profound consequences 
for both sides of the duality. Relativistic QFTs are de- 
fined non-perturbatively via a path integral, which, in 
principle, can be simulated on a computer when space 
and time are discretized. Via holography they provide a 
complete definition of quantum gravity. Holography can 
also be used to study otherwise uncontrollable dynami- 
cal properties of these field theories at strong coupling, 
where the dual gravitational theory is dominated by a 
classical saddle point. 

In this work we will show that a similar relation con- 
nects non-relativistic (NR) QFTs, that is, many body 
quantum mechanical systems, to a recently proposed al- 
ternate theory of gravity, Hofava gravity [4| . The guiding 
principle that allows us to establish a dictionary between 
the two sides is symmetry. A large class of NR QFTs 
share a common set of symmetries: translations, rota- 
tions, Galilean boosts, and a conserved particle number. 
Important examples in this class include quantum Hall 
systems as well as the unitary Fermi gas. We show that 
these symmetries demand that a putative holographic 
dual of any such system has to be of the Hofava gravity 
type. Embedding this construction in string theory pro- 
vides explicit dual pairs. In this way a NR QFT and 
its Hofava gravity dual arise as non-relativistic limits 
of a known holographic duality. As the strongly cor- 
related electron systems of interest in condensed matter 
physics are intrinsically non-relativistic, this NR hologra- 
phy should pave the way for applications of holographic 
techniques to more realistic systems. 

Hofava gravity, like Einstein gravity, is a metric the- 
ory built around invariance under diffeomorphisms, that 
is, coordinate changes. Unlike Einstein gravity, it in- 
sists on a preferred temporal slicing. The only changes 
of coordinates that are symmetries are "foliation pre- 
serving diffeomorphisms" (FDiffs): (time dependent) 
changes of the spatial coordinates and space independent 
reparametrization of time. Due to the reduced symme- 
try, Hofava gravity has an extra scalar mode. The less 
restrictive symmetry also allows extra terms in the ac- 



tion. The low energy action is not necessarily the stan- 
dard Einstein-Hilbert (EH) term but has two additional 
free parameters [5^. This makes it difficult to reconcile 
Hofava gravity with observed gravitational phenomena of 
our world. However, it has exactly the right properties 
to be the dual description of a generic NR QFT. 

The reason Hofava gravity has been intensely studied 
in recent years is that it has a much nicer ultraviolet (UV) 
behavior than Einstein gravity. For a rescaling of energy, 
spatial and temporal derivatives do not have to scale in 
the same way. Under such an anisotropic scaling the ac- 
tion of Hofava gravity can be seen to be power counting 
renormalizable making the existence of UV fixed points 
possible. Some evidence for such fixed points has been 
seen in recent lattice studies based on dynamical trian- 
gulation [|| • By giving an explicit embedding of Hofava 
gravity into string theory we show that at least some of 
its incarnations are, in fact, consistent quantum theo- 
ries of gravity. As Hofava gravity is potentially already 
UV complete on its own, this new duality may help un- 
derstand holography beyond the classical gravity limit 
(which typically is equivalent to a large number of colors 
N c in the QFT). 

This work indicates that the holographic dualities 
known so far between relativistic QFTs and Einstein 
gravity are just the tip of the iceberg. In the large 
landscape of consistent quantum mechanical theories, rel- 
ativistically invariant theories are only a very special, 
highly constrained corner. This holographic duality sug- 
gests that the well established relativistic quantum the- 
ories of gravity realized as string theories are similarly 
just special corners of a large landscape of Hofava-like 
quantum gravities. 

Global, local and spurionic symmetries: Symme- 
tries form a cornerstone of our understanding of modern 
physics. There are, however, some important distinctions 
to be made. The standard model of particle physics has 
a Lagrangian based on an SU(3) x SU{2) x U(l) gauge 
symmetry. Despite their name, gauge symmetries aren't 
really symmetries; they are redundancies in our chosen 
description. Physical reality is only described by gauge 
invariant observables. To obtain a simple Lagrangian, ex- 
tra redundant degrees of freedom are introduced together 
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with an equivalence relation (the gauge symmetry) that 
allows us to set to zero all unphysical degrees of freedom. 
This well known point has become widely appreciated 
after Seiberg's discovery [6| of dualities in M = 1 super- 
symmetric gauge theories where different gauge groups 
can be shown to describe one and the same physical the- 
ory. In contrast, a global symmetry is a true symmetry of 
physical observables. Physical quantities furnish a rep- 
resentation of the global symmetry. Most importantly, 
global symmetries imply conservation laws. 

Standard global symmetries act on the dynamical fields 
in a theory and leave the action invariant. It is however 
often useful to consider global transformations that are 
only symmetries if in addition to the dynamical fields 
some of the parameters in the Lagrangian transform. 
One example of this is a chiral rotation in the theory 
of massive Dirac fermions. For a massless fermion, the 
left handed and right handed components of the fermion 
can be rotated independently. A mass term in the La- 
grangian spoils this symmetry unless one lets the mass 
parameter transform under the symmetry as well. Such 
"spurionic" symmetries do not give rise to conservation 
laws, but they still put powerful constraints on physics. 
Most importantly, spurionic symmetries constrain the de- 
pendence of the low energy effective Lagrangian (L e ff) 
on microscopic parameters. 

Diffeomorphisms in a relativistic QFT are an example 
of such a global spurionic symmetry (despite the fact that 
they can be performed locally at every point in space 
and time) . In a QFT we should think of the background 
spacetime metric as a set of coupling constants (5 at each 
point in space and time for d = 3 spatial dimensions); it 
is not a dynamical field we solve for. Diffeomorphisms 
8x^ — -^fi") leave the theory invariant as long as they 
act on these background couplings in the usual way: 

Sg^ = ^dxg^ + gxvd^ + g^d^. (1) 

True global symmetries arise as the subgroup of the spu- 
rionic symmetries that leave a particular background in- 
variant. E.g. for the trivial background g^ v — rj^ v these 
are boosts, rotations and translations. Nevertheless, the 
full spurionic symmetries give powerful new constraints 
on L e ff. For example, consider a gapped system on a 
compact, curved background space. The system has a 
non-trivial Casimir energy depending on the geometry of 
the background. As long as the curvature radii of the 
background are large in units set by the gap, we can 
write down L e f f by including all 2-derivative terms con- 
sistent with symmetries, and derive the Casimir energy. 
As all dynamical degrees of freedom are gapped, the only 
field appearing in L e ff is the background metric itself. 
The spurionic symmetry determines that the metric can 
only appear in £ e // hi diffeomorphism invariant combi- 
nations: a cosmological constant and the standard EH 
term. 



Son and Wingate [7[ have demonstrated that a large 
class of NR QFTs have time dependent spatial diffeo- 
morphisms, together with local U(l) transformations, as 
global spurionic symmetries acting on the background 
metric and the background electric and magnetic fields 
encoded in the vector potential A^(t,x). These sym- 
metries can easily be seen for free fields, but they are 
preserved in many phenomenologically important inter- 
acting systems, in particular the fractional quantum Hall 
effect and the unitary Fermi gas. In Q the full FDiff 
group (which includes the additional time reparametriza- 
tion) is only a symmetry if the system is conformally in- 
variant, but it can be realized as a spurionic symmetry 
in any NR QFT with spatial diffeomorphism invariance 
by introducing Q one more scalar background field 
which enters the Lagrangian as a source for energy den- 
sity [26[. Under spatial diffeomorphisms 5x l = — £ l (i, x), 
time reparametrizations St = —f(t), and t/(l) rotations 
X(t,x) the backgrounds transform as: 

5 A t = -X + fAt + CAi + fAt + edjAt 

6Ai = -diX + me^gije +fA i +?d j A i +A j d i e 

5$ = / • /«i> • i 'o» ; «!> 

Sgij = g l kd j £ k + gkjdi£ k + fg tJ + t, k d k g l3 . (2) 

These symmetries strongly constrain L e ff. In quan- 
tum Hall systems they fix both the Hall viscosity as well 
as the current response to a spatially varying electric field 
A simple way to derive these transformation rules 
is to start with the theory of a mass m free relativistic 
scalar in the presence of a chemical potential a — rac 2 . 
Dropping terms with inverse powers of c from the action 
reduces the free relativistic system to a free NR one. Spa- 
tial diffeomorphisms remain a symmetry while sublead- 
ing temporal diffeomorphisms reduce to the local spuri- 
onic U{1) symmetry associated with particle number. 

The trivial background gtj = <5,j, A^ = <f> = is left 
invariant by translations (£' = const.), rotations (£ J = 
MijX^ with My = —Mji), and Galilean boosts (£' = v l t, 
A = v ■ x) . These are hence genuine global symmetries of 
our system. Note that allowing time dependent spatial 
diffeomorphisms is important in order to realize Galilean 
boosts. If, in addition, the QFT has local Weyl rescalings 

S^gtj = 2u>gij, 5u>$ = -2lo (3) 

as a spurionic global symmetry (as is the case e.g. in 
the unitary Fermi gas) , two additional global symmetries 
arise for the trivial background: scale (lj = —k, f = 2nt, 

= kx 1 ), and special conformal (w = —Ct, f = Ct 2 , 

= Ctx 1 , A = Cx 2 /2) transformations. 
Holographic dictionary: One of the key pieces of 
evidence for the holographic equivalence is the matching 
of global symmetries. This has to include the spurionic 
global symmetries. In a gravitational theory diffeomor- 
phisms vanishing at the boundary of AdS are a gauge 
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symmetry, hence a redundancy, and not a physical sym- 
metry. The spurionic global symmetries correspond to 
large diffcomorphisms that do not vanish at the bound- 
ary. In normal coordinates, where the bulk metric takes 
the form ds 2 — r~ 2 (dr 2 + g^dx^dx"), with g^ v finite at 
r = 0, these global spurionic symmetries correspond to 
diffcomorphisms £^ independent of the holographic coor- 
dinate r: £ r is gauged fixed by going to normal coordi- 
nates; £ M with positive powers of r are gauge symmetries 
and hence redundancies; negative powers of r would de- 
stroy the asymptotic AdS form. 

Following this logic, a holographic description of a 
generic NR QFT requires a gravitational theory built 
around FDiffs instead of relativistic diffeomorphisms; r 
independent FDiffs in the bulk can account for the spuri- 
onic global symmetry of the boundary QFT. Therefore, 
symmetries suggest that the dual to the generic NR QFT 
is Hofava gravity on asymptotically AdS space. Writing 
the bulk spacetime metric in terms of the lapse N , shift 
Nj (I runs over the d spatial indices i as well as the ra- 
dius r), and spatial metric G/j, the extra scalar mode of 
Hofava gravity is N r ; the bulk metric can no longer be 
brought into normal form. As mentioned, the action of 
Hofava gravity can be taken to be that of Einstein grav- 
ity with extra terms. At the two derivative level we can 
add \K 2 (where K is the trace of the extrinsic curvature 
of the spatial slice) and a(ViN) 2 /N 2 to the Lagrangian. 
The free couplings A and a parametrize the deviations 
from the EH action. If a and A vanish the kinetic term 
for the extra scalar mode vanishes identically and the 
limit is degenerate. They can however be parametrically 
small and still lead to a healthy version of Hofava gravity 
10]. In our explicit string theory example these two pa- 
rameters vanish at tree level and will only be generated 
at loop level (at order 1 in the large N c counting whereas 
the coefficient of the EH term is of order N 2 ). We will 
refer to the limit of parametrically small a and A as the 
"probe limit" . 

The connection between Hofava and Einstein gravity is 
easiest to see in the khronon formalism llj, |l2[ . Starting 
from Hofava gravity one introduces an auxiliary scalar 
field, the khronon, and assigns it transformation prop- 
erties under temporal diffcomorphisms that compensate 
the non-invariance of Hofava gravity. One can always 
go back to Hofava gravity by fixing "unitary gauge" in 
which the extra khronon field is set to c 2 t and its fluctu- 
ations are absent. Temporal diffeomorphisms are explic- 
itly broken. A completely equivalent way to think about 
Hofava gravity with the khronon is to treat it as Einstein 
gravity coupled to a scalar field. In this language the c 2 t 
background profile for the scalar picks a preferred time 
slicing, while a and A appear as parameters in the scalar 
action. The khronon formalism is especially convenient 
in the probe limit: as the prefactor of the khronon ac- 
tion is parametrically small, the energy density of the 
khronon doesn't backreact on the metric. The khronon 



profile simply imprints a preferred notion of time on a 
fixed background spacetime. In the probe limit, any so- 
lution of Einstein gravity descends to a solution of Hofava 
gravity. 

The scalar khronon also naturally gives rise to the ex- 
tra spurionic U(l) symmetry of the putative dual QFT. 
As first introduced in jljj ]. the U(l) is realized as a 
subleading (in c) term in the temporal diffeomorphisms. 
However, the U(l) acts as shifts on the khronon fluc- 
tuations. This is simply a reflection of the fact that the 
extra scalar mode can be shuffled back and forth between 
the khronon and N r . By choosing unitary gauge (that 
is by setting the fluctuating khronon to zero) we com- 
pletely fix the U(l) invariance in the bulk. No global 
spurionic U(l) transformation acting on the boundary 
emerges. This has to be contrasted with the case of a bulk 
U(l) gauge invariance in relativistic holography, where 
the gauge choice A r = for the corresponding gauge field 
leaves r-independent gauge transformations as a resid- 
ual symmetry, reproducing the corresponding spurionic 
symmetry of the dual QFT. The scalar khronon theory 
has additional problems. To recover the full FDiff in- 
variance, the scalar has to have a field reparametrization 
invariance. No exact global symmetries exist in quantum 
gravity and so the shift and reparametrization invariance 
we have to demand from the khronon field could at best 
exist at the classical level. In addition, a scalar field with 
a background growing linear in time corresponds to a uni- 
form energy density, such a background is likely subject 
to clumping instabilities. 

All these problems can be solved by working with a 
massless vector khronon Am- This can be achieved by 
starting with Einstein-Maxwell gravity and introducing a 
background with a constant A t — c 2 . This choice yields 
a preferred time slicing. Taking the large c limit and 
dropping all terms with negative powers of c from the 
transformations of the Einstein-Maxwell fields reduces 
the content to that of Hofava gravity. As A t = c 2 is 
pure gauge, it does not correspond to any energy density 
and so is not subject to clumping. Since the correspond- 
ing symmetry is gauged it is compatible with quantum 
gravity. The U(l) spurionic symmetry of the NR QFT 
is naturally realized as the gauge invariance acting on 
this vector khronon. It is straightforward to verify [l4| 
that in the large c limit certain combinations of the bulk 
fields transform exactly as the boundary sources of the 
dual QFT in eq. ©. 

By starting with classical Einstein-Maxwell theory and 
turning on A t = c 2 we naturally end up with Hofava 
gravity in the probe limit, a and A are allowed by the 
symmetries and will be generated by loops, as will a spa- 
tial kinetic term (3FijF ij for the gauge field. In this 
probe limit, any solution of Einstein-Maxwell gravity nat- 
urally descends. In particular, as long as we have a neg- 
ative cosmological constant we can study this theory on 
pure AdS or an AdS black hole. 
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This bulk theory realizes the spurionic symmetry 
eq. ([2j of a NR QFT via r-independent transformations 
acting on the boundary sources. Spurionic Weyl rescal- 
ings from eq. get implemented as radial diffeomor- 
phisms (£' r = -wr, £ 4 = r 2 g lJ djU)/2). Scale transforma- 
tions correspond to constant uj. For a pure AdS bulk, 
Ni = 0, N = r~ l , Gjj = r~ 2 5u the on-shell bulk action 
is only rescaled by an overall constant. The dual field the- 
ory is scale invariant: while the gravity fields transform 
non-trivially, the combinations of bulk fields correspond- 
ing to the field theory quantities [14j have scaling as an 
isometry. The field theory quantities have an additional 
isometry involving uj = —Ct, corresponding to the spe- 
cial conformal transformation. The discrepancy between 
generic bulk fields and the special combinations that map 
to field theory sources can be understood by examining 
the action of subleading temporal diffeomorphisms on the 
fields. The field theory quantities are invariant under this 
transformation, while the bulk gravity fields generically 
transform. This leads to two options. Generally, one can 
consider Hofava gravity on AdS with its FDiff symme- 
try as dual to a NR QFT with scale invariance. The 
additional bulk fields map to field theory operators that 
respect scaling but do not respect the conformal sym- 
metry. As long as FDiff invariant bulk actions are used, 
correlators and other quantities calculated via the corre- 
spondence will exhibit scale symmetry. Alternatively, in 
order to incorporate the special conformal invariance of 
Schrodinger symmetry the symmetries of the bulk must 
be expanded beyond FDiffs to give an action invariant 
under the subleading temporal diffeomorphisms. In this 
case the additional bulk fields are rendered redundant 
and only the conformally invariant field theory quanti- 
ties are physical. An example of a bulk theory with this 
extra gauge symmetry is the covariant Hofava gravity of 
[l3j coupled to a Maxwell field. 

The scale symmetry comes with dynamical critical ex- 
ponent 2 = 2, which is required to keep the source $ = 0. 
It generically also comes with a non- vanishing hyperscal- 
ing violating critical exponent 



I. For back- 
grounds with vanishing extrinsic curvature, the bulk La- 
grangian under scaling only picks up an overall factor of 
uj from the prefactor of N in the measure. This gives 
rise to 6 = 1 scaling of the free energy density. This 
non-invariance of the Lagrangian can be compensated if 
the whole Lagrangian is proportional to a scalar field e a 
which itself shifts by 8a = —uj. We will see this to be 
the case in our first explicit string theory model. In this 
special case one has 9 = 0. 

These backgrounds dual to scale invariant NR QFTs 
allow for a highly non-trivial check of our proposal: the 
correlation function of a charge q, dimension A scalar 
operator in a NR QFT is strongly constrained [l6| by 
the combination of scale invariance and Galilean boost 
invariance (27|, (O(t,x)O(0)) ~ t- A e~ qi ^r. Putting 
a charge q scalar field X on an AdS background with 



vector khronon, we note that its leading kinetic term 
is no longer the 2-derivative |9oA^| 2 but instead the 1- 
derivative q lm(X* A d°X). Dropping the 2-derivative 
term (which is a higher derivative correction) the action 
of the scalar X is identical to that of a probe scalar on 
the Schrodinger geometry || [l7| and hence leads to a 
correlator consistent with symmetry. Note however that 
generically we also generate a super leading order c 2 |A 2 | 
term in the action from the A 2 pieces in the covariant 
derivatives. This has to cancel against a bulk mass term 
for X, just as it did in the field theory. Otherwise the 
equations of motion set X — identically. Generically 
the NR limit will kill all excitations; one needs fields with 
a particular value of the bulk mass to have any non-trivial 
dynamics left over. Only a small subset of bulk fields sur- 
vives the limit. 

Embeddings in string theory: In order to embed 
Hofava gravity coupled to a Maxwell field into a rela- 
tivistic setting all we need to do is to study Einstein- 
Maxwell in the presence of a background gauge field 



A t = 



(where m is the mass of at least one charged 



field in the dual field theory) and take the large c limit. 
As we have seen, in the bulk we need charged fields to 
get a mass linked to m as well in order to survive the 
limit. One way to accomplish this is to use the bulk 
scalar field e s dual to the mass operator in the field the- 
ory and couple it via e 2S |A| 2 to the bulk fields. The 
simplest example where we can easily realize this is a 
circle compactification. Starting with Af = 4 SYM in 
3+1 dimensions, we can get a massive d = 2 theory 
by compactifying X3 on a circle of radius R = (mc) _1 . 
The d = 2 theory has a tower of excitations of mass 
qm with integer charge q under the U(l) global symme- 
try we inherit from translations along the circle direc- 
tion. The dual background geometry is AdSs written as 
ds 2 = r~ 2 [(^a + A^dx^) 2 + g^dx^dx v ] . Now setting 
A t — cAq — c 2 m and taking the c to infinity limit we 
end up with a compact light-like circle; latter is known 
to have the full symmetries of a NR CFT with 
8 = 0. The ^(733 factor in the action, from the compact- 
ified viewpoint, plays the role of e a and prevents hyper- 
scaling violation. The NR limit of setting the chemical 
potential equal to the mass and sending c to infinity is 
nothing but the well known Seiberg/Sen limit fl9l l2d| 
that views light-like compactifications as a zero radius 
limit of space-like ones. 

A different set of string theory embeddings that allow 
a NR limit along the lines we describe here is provided 
by probe flavor branes [2l| . With flavor branes it is once 
more easy to introduce a mass term for the charged fields 
in the relativistic QFT, and so we can once more intro- 
duce A t = mc 2 and take the large c limit. This limit was 
studied in 22 1 and recently in more detail in [23j j . where 
it was shown to give rise to a scale invariant theory with 
z = 2 and 9 = 1, consistent with our discussion of scaling 
above. 
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